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Characterization of Stochastic Viability of any Nonsmooth
Set Involving its Generalized Contingent Curvature

Jean-Pierre Aubin1 and Halim Doss2

Abstract

Thanks to the Stroock & Varadhan “Support Theorem” and under convenient regularity
assumptions, stochastic viability problems are equivalent to invariance problems for control
systems (also called tychastic viability), as it has been singled out by Doss in 1977 for
instance. By the way, it is in this framework of invariance under control systems that
problems of stochastic viability in mathematical finance are studied.

The Invariance Theorem for control systems characterizes invariance through first-
order tangential and/or normal conditions whereas the stochastic invariance theorem char-
acterizes invariance under second-order tangential conditions. Doss’s Theorem states that
these first-order normal conditions are equivalent to second-order normal conditions that we
expect for invariance under stochastic differential equations for smooth subsets.

We extend this result to any subset by defining in an adequate way the concept of
contingent curvature of a set and contingent epi-Hessian of a function, related to the
contingent curvature of its epigraph. This allows us to go one step further by characterizing
functions the epigraphs of which are invariant under systems of stochastic differential
equations. We shall show that they are (generalized) solutions to either a system of first-
order Hamilton-Jacobi equations or to an equivalent system of second-order Hamilton-
Jacobi equations.

Keywords: stochastic viability, tychastic viability, support theorem, generalized cur-
vature, generalized Hessian, derivatives of set-valued maps.

Let us consider a σ–complete probability space (Ω,F ,P), an increasing family F̃ of
σ–sub–algebras Ft ⊂ F , two finite dimensional vector-spaces X := Rm, Y := Rn and W
a Y -valued Wiener measure.

Let us denote by Iτ (ξτ , γ, σ) the Itô process associated with the drift γ ∈ L2
F̃

(Ω, X)
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paper appeared in Stochastic Analysis and Applications, 25, 951-981 .
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and the diffusion σ ∈ L2
F̃

(Ω,L(Y, X)) by

∀ t ≥ τ, Iτ (ξτ , γ, σ)(t) := ξτ +
∫ t

τ
γ(s)ds +

∫ t

τ
σ(s)dW (s)

An Itô process is a solution to the stochastic differential equation

dx = γ(x(t))dt + σ(x(t))dW (t)

starting at ξ0 if

ξ(t) = I0(ξ0, γ(ξ), σ(ξ))(t) := ξ0 +
∫ t

0
γ(ξ(s))ds +

∫ t

0
σ(ξ(s))dW (s)

We say that a Itô process ξ(·) is viable in K on some interval [0, T ] if

∀ t ∈ [0, T ], for almost all ω ∈ Ω, ξω(t) ∈ K

This condition depends only upon the law L(ξ(t)) of ξ(t) because it can be restated

∀ t ∈ [0, T ], L(ξ(t))(K) = 1

Let us set σi(x) := σ(x)ei so that σ(x)u =
∑n

i=1 uiσ
i(x). We associate the Itô drift γ and

the diffusion σ the Stratonovitch drift s(γ, σ) defined by

s(γ, σ)(x) := γ(x)− 1
2

n∑
i=1

Dσi(x)σi(x)

Thanks to the Stroock & Varadhan “Support Theorem”, we know that, under conve-
nient regularity assumptions on the drift and the diffusion, a closed subset K is invariant
under the stochastic differential equation if and only if K is invariant under the tychastic
system {

i) x′(t) = s(γ, σ)(x(t)) +
∑n

i=1 σi(x(t))vi

ii) vi ∈ R i = 1, . . . , n

This is very advantageous because the Saint-Pierre Viability Algorithm ([69, Saint-Pierre],
[60, Pujal & Saint-Pierre] and [59, Pujal] for instance) allows us to check numerically
whether a given subset is invariant under such a “tychastic system” or else, provides the
largest subset of K that enjoys this property, called the invariance kernel (see Chapter 5 of
[7, Aubin], for instance). We shall not take up this issue in this paper. Rather, we shall
characterize this invariance property.
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Indeed, when the subset K := {x ∈ X | ϕ(x) ≤ 0} is the level set of a smooth function
ϕ such that ϕ′(x) 6= 0 whenever ϕ(x) = 0, it was proved in [36, Doss] that K is invariant
under the above differential inclusion if and only if for every x ∈ ∂K = {x|ϕ(x) = 0},{

i) 〈ϕ′(x), σi(x)〉 = 0, i = 1, . . . , n
ii) 〈ϕ′(x), s(γ, σ)(x)〉 ≤ 0

(See also Remark 10 of [37, Doss & Lenglart]). Recently, Halim Doss proved that this
condition is equivalent to the second-order condition : for every x satisfying ϕ(x) = 0,{

i) 〈ϕ′(x), σi(x)〉 = 0, i = 1, . . . , n
ii) 〈ϕ′(x), γ(x)〉+ 1

2

∑n
i=1 ϕ′′(x)(σi(x), σi(x)) ≤ 0

that is usually derived from the Itô formula.
By the way, it is in this framework of invariance under control systems that problems of

stochastic viability in mathematical finance are studied ([19, Björk], [37, Doss & Lenglart],
[40, Filipovic], [45, Jachimiak], [48, 49, 50, 51, 52, 53, Milian], [75, Tessitore & Zabczyk],
[78, 80, Zabczyk]) among many other papers on this topic.

We shall take up this issue in this paper by adapting these results to the case when K is
any closed subset by using several concepts of set-valued analysis : contingent cone to any
subset, normal cones, contingent derivatives of set-valued maps, contingent epi-derivatives
of an extended function, subdifferential, etc. The second order condition involving the
Hessian ϕ′′(x) will be replaced by the concept of contingent curvature of any set K at x
that we shall define, as well as the contingent epi-Hessian of an extended function that
allows to give another meaning to generalized solutions to second-order Hamilton-Jacobi
equations (different from the concept of subjet used for defining viscosity solutions to
second-order Hamilton-Jacobi equations in [26, Crandall, Ishii & Lions]). We shall relate
the contingent curvature to the epigraph of an extended function to its contingent epi-
Hessian.

There are (too) many ways to define second-order derivatives, as one can see by reading
Chapter 13 of [68, Rockafellar & Wets] and its historical notes. We shall see that the Doss’
proof in the regular case shows requires naturally the concept of graphical derivative of
the subgradient introduced in [5, 6, Aubin] for convex sets3. This issue was next taken up
in a series of papers, among which we quote only [63, 64, 65, 66, Rockafellar], [56, 57, 58,
Poliquin & Rockafellar] and [76, Thibault] in the non convex case.

As a consequence, we shall provide yet another characterization of stochastic invariance
of a subset K under a stochastic differential equation, that adds to the ones provided

3for studying the derivative of the set-valued map associating with parameters the solutions of the
primal and dual convex minimixation problem.
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in [10, 11, Aubin & Da Prato], [43, Gautier & Thibault] and [12, Aubin, Da Prato &
Frankowska], [29, Da Prato & Frankowska] in terms of stochastic tangent cones, in [15,
Bardi & Goatin], [16, Bardi] in terms of second order normal cones and subjets of indicators
and in [24, Buckdahn, Peng, Quincampoix & Rainer] in terms of distance functions to the
set.

This explosion of tangential and normal characterizations of stochastic viability that
are all (more or less) equivalent suggests and asks for a thorough direct study of their
equivalence. For instance, in a recent paper [31, ?, Da Prato & Frankowska], the basic
property4 that we shall derive from the Support Theorem and the Invariance Theorem
has been proved directly.

We shall apply these results to characterize an (extended) function v : R+ × X 7→
R ∪ {+∞} the epigraph of which is invariant under the system of stochastic differential
equations 

i) dτ(t) = dt
ii) dξ(t) = γ(ξ)dt + σ(ξ)dW (t)
iii) dη(t) = −(η(t)µ(ξ(t)) + λ(ξ(t)))dt + ν(ξ(t))dW (t)

We shall show that is a generalized solution to

1. either the system of first-order partial differential equations

i)
∂v(t, x)

∂x
σi(x) = νi(x), i = 1, . . . , n

ii)
∂v(t, x)

∂t
+

∂v(t, x)
∂x

γ(x) + µ(x)v(x) + λ(x)

+
1
2

n∑
i=1

(
〈D(νi(x), σi(x)〉 − ∂v(t, x)

∂x
Dσi(x)σi(x)

)
≤ 0

4This is
NK(x) ⊂ ker(σ(x)∗)

where NK(x) is the normal cone to K at x and σ(x)∗ the transpose of the diffusion.



5

2. or the system of second-order partial differential equations

i)
∂v(t, x)

∂x
σi(x) = νi(x), i = 1, . . . , n

ii)
∂v(t, x)

∂t
+

∂v(t, x)
∂x

γ(x) + µ(x)v(x) + λ(x)

+
1
2

n∑
i=1

∂2v(t, x)
∂x2

(σi(x), σi(x)) ≤ 0

For instance, consider the following classical system of stochastic differential equations
i) dτ = dt
ii) dξ0 = ξ0ρ0(ξ)dt
iii) dξ1 = ξ1ρ1(ξ)dt + ξ1σdW (t)
iv) dη = (ξ0ρ0(ξ)p̃0(τ, ξ) + ξ1ρ1(ξ)p̃1(τ, ξ)− µ(ξ(t))η)dt + ξ1σp̃1(τ, ξ)dW (t)

governing the evolution of the prices x0 of a nonrisky asset, the price x1 of the risky asset
and the value y := p̃0(t, x)x0 + p̃1(t, x)x1 of a feedback portfolio (p̃0(t, x), p̃1(t, x)).

We infer that any function v the epigraph of which is stochastic invariant under the
above system of stochastic differential equations is a (generalized) solution to the Black-
Scholes partial differential inequalities:

∂v(t, x)
∂t

+
(

∂v(t, x)
∂x0

x0 +
∂v(t, x)

∂x1
x1(x) + µ(x)− v(x)

)
ρ0(x) +

∂2v(t, x)
∂x2

1

(x1σ)2 ≤ 0

In order to take into account the fact that the solution is only lower semicontinuous, we
shall replace the gradient by the (regular) subgradients of the function v and the Hessian
of v by a contingent epi-Hessian that generalizes it, as we shall see later.

Outline — We devote the first section to the definition of contingent curvature of
a set. We recall in the second section the Invariance Theorem for control systems. The
Characterization Theorem is proved in the third section. We introduce the concept of
contingent epi-Hessian of an extended function in the fourth section and we characterize
the functions the epigraph of which is invariant under a system of stochastic differen-
tial equations as a (generalized) solution to equivalent systems of first and second-order
Hamilton-Jacobi partial differential equations. As a particular case, we relate the in-
variance of the epigraph of a valuation function to the Black-Scholes partial differential
equation in finance. 2
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1 Contingent Curvature

1.1 Contingent and Normal Cones

Let (Kn)n∈N be a sequence of subsets of a metric space E. The (Painlevé-Kuratowski)
upper limit Limsupn→∞Kn of the sequence Kn is the set of cluster points of sequences
xn ∈ Kn, i.e., of limits of subsequences xn′ ∈ Kn′ .

Let K ⊂ X be a subset of a normed vector space X and x ∈ K. The (Bouligand-
Severi) contingent cone TK(x) is the set of elements v such that there exists a sequence of
elements hn > 0 converging to 0 and a sequence of vn ∈ X converging to v satisfying

∀ n ≥ 0, x + hnvn ∈ K

In other words, the contingent cone TK(x) is the upper limit of the subsets (K − x)/h
(regarded as “set differential quotients”)

TK(x) := Limsuph→0+

K − x

h

Therefore TK(x) is always a closed cone of “tangent directions” (which is convex when
K is convex or, more generally, when the contingent cone is lower semicontinuous5 at this
point, a vector space when K is a smooth manifold).

The polar cone NK(x) := (TK(x))− is called the normal cone to K at x. It is also called
the Bouligand-Severi normal cone, or the contingent normal cone, or also, the sub-normal
cone and more recently, the regular normal cone by R.T. Rockafellar and R. Wets. In this
paper6, only (regular) normals are used, so that we shall drop the adjective “regular”.

We recall that the graph of the normal cone NK : x ∈ K ; NK(x) is closed if and
only if the contingent cone map x ; TK(x) is lower semicontinuous.

1.2 Contingent Derivatives

Let us consider a sequence of set-valued maps Fn : X ; Y . The set-valued map F ] :=
Lim]

n→+∞Fn from X to Y defined by

Graph(Lim]
n→+∞Fn) := Limsupn→∞Graph(Fn)

is called the (graphical) upper limit of the set-valued maps Fn.
Even for single-valued maps, this is a weaker convergence than the pointwise conver-

gence:
5See Set-Valued Analysis, [13, Aubin & Frankowska]. A subset K is said to be sleek at x ∈ K if

TK(·) is lower semicontinuous at this point. A convex subset K is sleek at each of its points.
6We could as well use the smaller cone of proximal normals.
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1. If fn : X 7→ Y converges pointwise to f , then, for every x ∈ X, f(x) ∈ f ](x). If the
sequence is equicontinuous, then f ](x) = {f(x)}.

2. Let Ω ⊂ Rn be an open subset. If a sequence fn ∈ Lp(Ω) converges to f in Lp(Ω),
then

for almost all x ∈ Ω, f(x) ∈ f ](x)

3. If a sequence fn ∈ Lp(Ω) converges weakly to f in Lp(Ω), then

for almost all x ∈ Ω, f(x) ∈ cof ](x)

Let F : X ; Y be a set-valued map. We introduce the differential quotients

u ; ∇hF (x, y)(u) :=
F (x + hu)− y

h

of a set-valued map F : X ; Y at (x, y) ∈ Graph(F ). The contingent derivative DF (x, y)
of F at (x, y) ∈ Graph(F ) is the graphical upper limit of differential quotients:

DF (x, y) := Lim]
h→0+∇hF (x, y)

In other words, v belongs to DF (x, y)(u) if and only if there exist sequences hn → 0+,
un → u and vn → v such that ∀n ≥ 0, y + hnvn ∈ F (x + hnun).

In particular, if f : X 7→ Y is a single valued function, we set Df(x) = Df(x, f(x)).
We deduce the fundamental formula on the graph of the contingent derivative: The

graph of the contingent derivative of a set-valued map is the contingent cone to its graph:
for all (x, y) ∈ Graph(F ),

Graph(DF (x, y)) = TGraph(F )(x, y)

1.3 Contingent Curvature of a Set

Since we wish to characterize the stochastic viability conditions for any closed subset, we
need to introduce the concept of contingent curvature of a set K at a point x ∈ K in a
normal direction p ∈ NK(x).

This concept involves the contingent derivative DNK(x, p) of the set-valued map x ;

NK(x) at a point (x, p) ∈ Graph(NK) of its graph.
By definition of the contingent derivative, dp ∈ DNK(x, p)(dx) if and only if dx ∈

TK(x) and if there exist hn → 0+, dxn → dx and dpn → dp such that

∀ n ≥ 0, p + hndpn ∈ NK(x + hndxn)

This requires that the directions dx belong to the contingent cone TK(x).
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Definition 1.1 We shall say that the subset K is curvaceous at x ∈ K if

∀ x ∈ K,∀ p ∈ NK(x),∀ u ∈ co(TK(x), DNK(x, p)(u) 6= ∅

and curvaceous if it is curvaceous at every x ∈ K. In this case, the contingent curvature
CurvK(x, p) of K at a point (x, p) ∈ Graph(NK) is defined by

∀ u, v ∈ TK(x), CurvK(x, p)(u, v) := sup
dp∈DNK(x,p)(u)

〈dp, v〉

When the subset K := {x ∈ X | ϕ(x) ≤ 0} is the level set of a twice continuously
differentiable function ϕ such that ϕ′(x) 6= 0 for every x such that ϕ(x) = 0, then whenever
ϕ(x) = 0, NK(x) := ϕ′(x)R and

∀ u, v ∈ ker ϕ′(x), CurvK(x, ϕ′(x))(u, v) := ϕ′′(x)(u, v)

When the subset K is a closed convex subset, denote by ΠK the best approximation
projector onto K. Then if p belongs to the normal cone NK(x) to K at some x ∈ K, we
deduce from the relation x = ΠK(x, p) the characterization

q ∈ DNK(x, p)(u) ⇐⇒ u ∈ DΠK(x + p)(u + q)

between the contingent derivative of the normal cone NK and the contingent derivative of
the projector ΠK (see [5, 6, Aubin]). This result has been generalized has been generalized
in [57, Poliquin & Rockafellar] to so-called “prox-regular” subsets K (see Corollary 13.43
of [68, Rockafellar & Wets] for definitions and more results.)

2 Invariance under Control Systems

Let us consider two Lipschitz maps f : X 7→ X and σ : X 7→ L(Y, X) and a Lipschitz set-
valued map U : X ; Y . We associate with them the “control” system (f, σ, U) governing
the evolutions of the state through{

i) x′(t) = f(x(t)) + σ(x(t))u(t)
ii) u(t) ∈ U(x(t))

Even though this is formally a control system, the terminology is not adequate since the
parameters u are no controls, but perturbations, disturbances, parameters that are not
under the control of the controller or the decision-maker, but rather under an unknown
Nature. We suggest to borrow to Charles Peirce7 the concept of tyche, on of the three

7Charles Peirce introduced the concept of tychastic evolution in [55, Peirce]. In this paper, Peirce
associates with the Greek concept of necessity, ananke, the concept of anancastic evolution, anticipating
the “chance and necessity” framework that has motivated viability theory in the first place. Peirce was
a prolific and profound philosopher interested in evolution theory after Darwin and Spencer, and he is in
particular the founder of semiotics, term that he coined.



9

words of classical Greek meaning “chance”, and to call in this case the control system as
a tychastic system, to stress the fact that tyches u ∈ U(x) play the role of event ω ∈ Ω
in stochastic systems. This analogy is further motivated by the Equivalence Theorem
between stochastic viability and tychastic viability. We shall say that a subsets K ⊂ X is
invariant under the tychastic system (f, σ, U) if for every initial state x ∈ K all (absolutely
continuous) solutions x(·) of the tychastic system (f, σ, U) starting at x are locally viable
in K in the sense that

∃ Tx(·) > 0 such that ∀ t ∈ [0, Tx(·)[, x(t) ∈ K

The Invariance Theorem, a consequence of the Filippov Theorem, states (see for in-
stance Theorem of [7, Aubin]):

Theorem 2.1 Assume that (f, σ, U) is Lipschitz and that K is closed. Then K is invari-
ant under (f, σ, U) if and only if

∀ x ∈ K, ∀ u ∈ U(x) f(x) + σ(x)u ∈ co(TK(x))

or, equivalently, in dual form, if and only if

∀ x ∈ K, ∀ p ∈ NK(x), 〈p, f(x)〉+ sup
u∈U(x)

〈σ(x)∗p, u〉 ≤ 0 (1)

As a consequence, when U(x) := Y is the whole space, we deduce the following

Corollary 2.2 Assume that the maps f and σ are Lipschitz and that K is closed. Then
K is invariant under (f, σ, Y ) if and only if

∀ x ∈ K, ∀ p ∈ NK(x),

{
i) NK(x) ⊂ ker(σ(x)∗)
ii) 〈p, f(x)〉 ≤ 0

(2)

Proof — Indeed, conditions (1) and (2) are obviously equivalent. 2

3 Stochastic Dynamical Systems

We associate with the Itô drift γ and the diffusion σ involved in the stochastic differential
equation

dx = γ(x(t))dt + σ(x(t))dW (t)

the Stratonovitch drift s(γ, σ) defined by

s(γ, σ)(x) := γ(x)− 1
2

n∑
i=1

Dσi(x)σi(x)
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Theorem 3.1 (Doss) Let K ⊂ X be a closed curvaceous subset, NK(x) the normal cone
to K at x and DNK(x, p) its contingent derivative at p ∈ NK(x).

Let us assume that the drift γ is Lipschitz around K and bounded on K and that
the three first derivatives of the diffusions σi exist and are bounded on K. The following
conditions are equivalent:

1. K is invariant under the stochastic differential equation dξ = γ(ξ)dt + σ(ξ)dW (t),

2. K is invariant under the differential inclusion x′(t) ∈ s(γ, σ)(x(t)) + Im(σ(x(t))),

3. K satisfies the first-order conditions: for every x ∈ K,

∀ p ∈ NK(x),

{
i) 〈p, σi(x)〉 = 0, i = 1, . . . , n
ii) 〈p, γ(x)〉 − 1

2

∑n
i=1〈p, Dσi(x))σi(x)〉 ≤ 0

4. K satisfies the second-order conditions: for every x ∈ K,

∀ p ∈ NK(x),

{
i) 〈p, σi(x)〉 = 0, i = 1, . . . , n
ii) 〈p, γ(x)〉+ 1

2

∑n
i=1 CurvK(x, p)(σi(x), σi(x)) ≤ 0

Proof — We already mentioned that thanks to the Stroock & Varadhan “Support
Theorem”, we know that K is invariant under the stochastic differential equation if and
only if K is invariant under the tychastic system{

i) x′(t) = s(γ, σ)(x(t)) +
∑n

i=1 σi(x(t))vi

ii) vi ∈ R i = 1, . . . , n

Corollary 2.2 (see [36, Doss] in the smooth case) states that K is invariant under the above
tychastic system if and only if 8

∀ x ∈ K, ∀ p ∈ NK(x),

{
i) NK(x) ⊂ ker(σ(x)∗)
ii) 〈p, s(γ, σ)(x)〉 ≤ 0

Hence the conclusion follows from the following Lemma:

Lemma 3.2 (Doss) Let K ⊂ X be a closed curvaceous subset. Let us associate with a
drift γ and continuously differentiable diffusions σi the Stratonovitch drift s(γ, σ)

s(γ, σ)(x) := γ(x)− 1
2

n∑
i=1

Dσi(x)σi(x)

8In a recent paper [31, Da Prato & Frankowska], the basic property

NK(x) ⊂ ker(σ(x)∗)

has been derived directly under weaker assumptions without using the Support Theorem.
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Let K be a subset, NK(x) the normal cone to K at x and DNK(x, p) its contingent
derivative at p ∈ NK(x). Let us assume that

∀ x ∈ K, NK(x) ⊂ ker(σ(x)∗)

Then the two following conditions are equivalent:
i) ∀ x ∈ K, ∀ p ∈ NK(x), 〈p, s(γ, σ)(x)〉 ≤ 0
ii) ∀ x ∈ K, ∀ p ∈ NK(x), ∀ dpi ∈ DNK(x, p)(σi(x)),

〈p, γ(x)〉+ 1
2

∑n
i=1〈dpi, σ

i(x)〉 ≤ 0
(3)

Proof — Let us take dp ∈ DNK(x, p)(dx). By definition of the contingent derivative,
there exist hn → 0+, dxn → dx and dpn → dp such that

p + hndpn ∈ NK(x + hndxn)

Assumption (3.2) can be written

∀ x ∈ K, ∀ p ∈ NK(x), 〈p, σi(x)〉 = 0, i = 1, . . . , n

Therefore, since σ is continuously differentiable with respect to x, we deduce from assump-
tion (3.2) that for all σi(·), ∀ x ∈ K,

0 = 〈p + hndpn, σi(x + hndxn)〉
= 〈p, σi(x)〉+ hn(〈dpn, σi(x)〉+ 〈p, Dσi(x)(dxn)〉) + hnεn

= hn(〈dpn, σi(x)〉+ 〈p, Dσi(x)(dxn)〉) + hnεn

and thus, dividing by hn > 0 and passing to the limit, we obtain that for any i = 1, . . . , n,

∀ dp ∈ DNK(x, p)(dx), 〈dp, σi(x)〉+ 〈p, Dσi(x)dx〉 = 0

Taking dx := σi(x), we infer that

∀ dpi ∈ DNK(x, p)(σi(x)), 〈dpi, σ
i(x)〉+ 〈p, Dσi(x)σi(x)〉 = 0

Consequently, we deduce that under assumption (3.2), for any i = 1, . . . , n and any dpi ∈
DNK(x, p)(σi(x)) 

〈p, s(γ, σ)(x)〉
= 〈p, γ(x)〉 − 1

2

∑n
i=1〈p, Dσi(x)σi(x)〉

= 〈p, γ(x)〉+ 1
2

∑n
i=1〈dpi, σ

i(x)〉

and thus, that statements (3)i) and ii) are equivalent. 2
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4 Contingent Epi-Hessian

4.1 Extended Functions

A function v : X 7→ R∪ {+∞} is called an extended (real-valued) function. Its domain is
the set of points at which v is finite:

Dom(v) := {x ∈ X | v(x) < +∞}

A function is said to be nontrivial if its domain is not empty. Any function v defined on
a subset K ⊂ X can be regarded as the extended function vK equal to v on K and to
+∞ outside of K, whose domain is K.

Since the order relation on the real numbers is involved in the definition of the Lya-
punov property (as well as in minimization problems and other dynamical inequalities),
we no longer characterize a real-valued function by its graph, but rather by its epigraph

Ep(v) := {(x, λ) ∈ X ×R | v(x) ≤ λ}

We remark that some properties of a function are actually properties of its epigraph. For
instance, an extended function v is convex (resp. positively homogeneous) if and only if
its epigraph is convex (resp. a cone).

We associate with a subset M⊂ X ×R+ the function vM : X 7→ R+ ∪{+∞} defined
by

vM(x) := inf
(x,w)∈M

w

that we shall call its southern border.
We observe that if M ⊂ X ×R+ is a closed subset, then its southern closure vM is

lower semicontinuous and
Ep(vM) = M+ {0} ×R+

4.2 Contingent Epiderivatives

The epigraph of the lower epilimit lim]
↑n→+∞vn of a sequence of extended functions vn :

X 7→ R ∪ {+∞} is the upper limit of the epigraphs:

Ep(lim]
↑n→+∞vn) := Limsupn→+∞Ep(vn)

One can check that

lim]
↑n→+∞vn(x0) = lim inf

n→∞,x→x0
vn(x)

Let v : X 7→ R∪{±∞} be a nontrivial extended function and x belong to its domain.
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We associate with it the differential quotients

u ; ∇hv(x)(u) :=
v(x + hu)− v(x)

h

The contingent epiderivative D↑v(x) of v at x ∈ Dom(v) is the lower epilimit of its
differential quotients:

D↑v(x) = lim]
↑h→0+∇hv(x)

One can check that the contingent epiderivative D↑v(x) satisfies

∀ u ∈ X, D↑v(x)(u) = lim inf
h→0+,u′→u

v(x + hu′)− v(x)
h

and the epigraph of the contingent epiderivative D↑v(·) is equal to the contingent cone to
the epigraph of v at (x,v(x))

Ep(D↑v(x)) = TEp(v)(x,v(x))

Naturally, when v is Fréchet differentiable at x, then

D↑v(x)(v) = 〈f ′(x), v〉

so that the subdifferential ∂−v(x) is reduced to the gradient v′(x).

The continuous linear functionals p ∈ X? satisfying

∀ v ∈ X, 〈p, v〉 ≤ D↑v(x)(v)

are called the (regular) subgradients of v at x, which constitute the (possibly empty) closed
convex subset

∂−v(x) := {p ∈ X? | ∀ v ∈ X, 〈p, v〉 ≤ D↑v(x)(v)}

called the (regular) subdifferential of v at x0.
We also note that{

i) (p,−1) ∈ NEp(v)(x,v(x)) if and only if p ∈ ∂−v(x)
ii) (p, 0) ∈ NEp(v)(x,v(x)) if and only if p ∈ Dom(D↑v(x))−

and that

NEp(v)(x,v(x)) = {λ(q,−1)}q∈∂−v(x), λ>0

⋃
{(q, 0)}q∈Dom(D↑v(x))−
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The subset Dom(D↑v(x))− = {0} whenever the domain of the contingent epiderivative
D↑v(x) is dense in X. This happens when v is locally Lipschitz and when the dimension
of X is finite:

One can also prove that when the dimension of X is finite, the subdifferential ∂−v(x)
is the set of elements p ∈ X? satisfying

lim inf
x→x0

v(x)− v(x0)− 〈p, x− x0〉
‖x− x0‖

≥ 0 (4)

The equivalent formulation (4) of the concept of subdifferential has been introduced in
[25, Crandall & P.-L. Lions] for defining viscosity solutions to Hamilton-Jacobi equations.

4.3 Contingent Epi-Hessian of an Extended Function

When K := Ep(v) is the epigraph of a nontrivial extended function v : X 7→ R ∪ {+∞},
we recall that the (regular) subdifferential ∂−v(x) is the set of elements p ∈ X∗ such that
(p,−1) ∈ NEp(v)(x,v(x)) := (TEp(v)(x,v(x)))−.

Definition 4.1 Let v : X 7→ R∪{+∞} be a nontrivial extended function. Let us consider
x ∈ Dom(∂−v) and p ∈ ∂−v(x).

We shall denote by ∂2
−v(x, p) the set-valued map associating with dx ∈ X the set of

elements dp ∈ X∗ such that there exist sequences hn → 0+, un → dx, vn → D↑v(x)(dx)
and πn → dp such that

∀ n ≥ 0, (p + hnπn,−1) ∈ NEp(v)(x + hnun,v(x) + hnvn)

and say that v is is curvaceous at x ∈ Dom(v) if

∀ x ∈ Dom(v),∀ p ∈ ∂−v(x),∀ ∂2
−v(x, p) 6= ∅

and curvaceous if it is curvaceous at every x ∈ Dom(v). In this case, we denote by

Hess↑(v)(x, p)(u, v) := sup
dp∈∂2

−v(x,p)(u)

〈dp, v〉

the contingent epi-Hessian of v at (x, p) ∈ Graph(NK).

We observe that when the function v is twice continuously differentiable, then the
contingent epi-Hessian of v at x coincides with its usual Hessian:

Hess↑(v)(x,v′(x))(u, v) = v′′(x)(u, v)

We deduce the following
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Proposition 4.2 Let v : X 7→ R ∪ {+∞} be a nontrivial curvaceous extended function
and p belong to the subgradient ∂−v(x). The two following conditions are equivalent:

1. (dp, dλ) belongs to DNEp(v)((x,v(x)), (p,−1))(dx,D↑v(x)(dx))

2. dp ∈ ∂2
−v(x, p)(dx)− pdλ

Therefore, the contingent curvature to the epigraph of a nontrivial extended function
v : X 7→ R ∪ {+∞} is related to the contingent epi-Hessian of v by the formula

∀ p ∈ ∂−v(x), CurvEp(v)((x,v(x)), (p,−1))((u, D↑v(x)(u)), (v, ν))

=

{
Hess↑(v(x, p))(u, v) if ν = 〈p, v〉
+∞ if not

Proof — To say that (dp, dλ) belongs to DNEp(v)((x,v(x)), (p,−1))(dx,D↑v(x)(dx))
means that there exist sequences hn → 0+ and εin → 0, (i = 1, 2, 3, 4) such that, setting
dy := D↑v(x)(dx),

(p + hndp + hnε1n ,−1 + hndλ + hnε2n) ∈ NEp(v)(x + hndx + hnε3n ,v(x) + hndy + hnε4n)

Dividing by 1− hndλ− hnε2n > 0 for n large enough, setting

1 + hndλ + hnε5n :=
1

1− hndλ− hnε2n

and remembering that NEp(v)(x) is a cone, we infer that

((p+hndp+hnε1n)(1+hndλ+hnε5n),−1) ∈ NEp(v)(x+hndx+hnε3n ,v(x)+hndx+hnε4n)

i.e., that dp+pdλ belongs to ∂2
−v(x, p)(dx) because (p+hndp+hnε1n)(1+hndλ+hnε5n) =

p + hn(dp + pdλ) + hnε6n .

Conversely, assume that p + pdλ belongs to ∂2
−v(x, p). There exist hn → 0+ and

εin 7→ 0, i = 1, 2, 3 such that

(p + hn(dp + pdλ + ε1n),−1) ∈ NEp(v)(x + hndx + hnε2n ,v(x) + hndy + hnε3n)

Dividing by 1 + hndλ =: 1
1−hndλ+ε4n

, we infer that(
p + hn

dp + ε1n

1 + hndλ
,−1 + hndλ + ε4n

)
∈ NEp(v)(x + hndx + hnε2n ,v(x) + hndy + hnε3n)

and thus, that (dp, dλ) belongs to DNEp(v)((x,v(x)), (p,−1))(dx,D↑v(x)(dx)).
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Finally, knowing that (dp, dλ) belongs to DNEp(v)((x,v(x)), (p,−1))(dx, dy) if and only
if dy = D↑v(x)(dx) and

dp = dπ − pdλ where dπ ∈ ∂2
−v(x, p)(dx)

we infer that µ := D↑v(x)(u) and that
CurvEp(v)((x,v(x)), (p,−1))((u, µ), (v, ν))
= sup(dp,dλ)∈DNEp(v)((x,v(x)),(p,−1))(u,µ)〈(dp, dλ), (v, ν)〉
= supdπ∈∂2

−v(x,p)(u)(〈dπ, v〉) + supdλ∈R dλ(ν − 〈p, v〉)

Therefore 
CurvEp(v)((x,v(x)), (p,−1))((u, D↑v(x)(u)), (v, ν))

=

{
Hess↑(v(x, p))(u, v) if ν = 〈p, v〉
+∞ if not

This completes the proof. 2

Remark: Epi-Hessian and Derivative of the Subdifferential — One can
also relate ∂2

−v(x, p) with the contingent derivative9 D∂−v(x, p) of the set-valued map
x ; ∂−v(x):

Proposition 4.3 Let v : X 7→ R∪{+∞} be a nontrivial extended function satisfying the
regularity assumption:

∀ dx ∈ Dom(v), ∀ dx ∈ Dom(D↑v(x)), D↑v(x)(dx) = lim
h→0+, u 7→dx

v(x + hu)− v(x)
h

Let p belong to the subgradient ∂−v(x).
Then

D∂−v(x, p) ⊂ ∂2
−v(x, p)

Proof — Assume that p belongs to D∂−v(x, p)(x). There exist hn → 0+ and
εin 7→ 0, i = 1, 2 such that

p + hndp + ε1n ∈ ∂−v(x + hndx + hnε2n)

or, equivalently, such that

(p + hndp + hnε1n ,−1) ∈ NEp(v)(x + hndx + hnε2n ,v(x + hndx + hnε2n))

9This kind of generalized second order derivative has been introduced in [5, 6, Aubin] for the study of the
stability of convex optimization problems and thoroughly studied by R.T. Rockafellar and his co-authors
in the general case (see Chapter 13 of [68, Rockafellar & Wets]).
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Setting ε3n := v(x+hndx+hnε2n )−v(x)
hn

− D↑v(x)(dx) that converges to 0 by the regularity
assumption, we infer that

(p + hndp,−1) ∈ NEp(v)(x + hndx + hnε2n ,v(x) + hnD↑v(x)(dx) + hnε3n)

and thus, that dp ∈ ∂2
−v(x, p). 2

5 Stochastically Invariant Epigraphs

Let us consider a system of stochastic differential equations of the form:
i) dτ(t) = dt
ii) dξ(t) = γ(ξ)dt + σ(ξ)dW (t)
iii) dη(t) = −(µ(ξ(t))η(t) + λ(ξ(t)))dt + ν(τ(t), ξ(t))dW (t)

(5)

Let us consider two nontrivial nonnegative lower semicontinuous extended functions v :
R+ ×X 7→ R ∪ {+∞} and c : R+ ×X 7→ R ∪ {+∞} satisfying

∀ (t, x) ∈ R+ ×X, 0 ≤ v(t, x) ≤ c(t, x) ≤ +∞

We deduce from Theorem 3.1 and Proposition 4.2 the following characterization of
invariant epigraphs:

Theorem 5.1 Let us assume that the extended functions v and c are lower semicontin-
uous, curvaceous and nontrivial.

Let us assume that the drift γ and the functions µ and λ are Lipschitz and bounded
and that the three first derivatives of the diffusions σi and νi exist and are bounded. Then
the epigraph of v is stochastically invariant outside the epigraph of of c under the system
(5) of stochastic differential equations if and only if v is a solution on

Ωc(v) := {(t, x) ∈ R+ ×X | v(t, x) < c(t, x)}

to either one of the following Hamilton-Jacobi partial differential equations:

1. v is a solution to the first-order partial differential equation in the sense that: for
every x,

∀ (pt, px) ∈ ∂−v(t, x),
i) 〈px, σi(x)〉 = νi(t, x), i = 1, . . . , n
ii) pt + 〈px, γ(x)〉+ µ(x)v(x) + λ(x)

+1
2

∑n
i=1

(
〈Dxνi(t, x), σi(x)〉 − 〈px, Dxσi(x)σi(x)〉

)
≤ 0
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2. v is a solution to the second-order partial differential equation in the sense that: for
every x, 

∀ (pt, px) ∈ ∂−v(t, x),
i) 〈px, σi(x)〉 = νi(t, x), i = 1, . . . , n
ii) pt + 〈px, γ(x)〉+ µ(x)v(x) + λ(x)

+1
2

∑n
i=1 Hess↑x(v)(t, x, pt, px)(σi(x), σi(x)) ≤ 0

where we set

Hess↑x(v)(t, x, pt, px)(σi(x), σi(x)) := Hess↑(v)((t, x), (pt, px))((0, σi(x)), (0, σi(x)))

Example: Black and Scholes Partial Differential Equations — To say that
an extended function v : R+×R2 is a solution to the Black and Scholes partial differential
equation amounts to saying that its epigraph Ep(v) is stochastically invariant outside the
epigraph of an extended function c under the system of stochastic differential equations

i) dτ = dt
ii) dξ0 = ξ0ρ0(ξ)dt
iii) dξ1 = ξ1ρ1(ξ)dt + ξ1σdW (t)
iv) dη = (ξ0ρ0(ξ)p̃0(τ, ξ) + ξ1ρ1(ξ)p̃1(τ, ξ)− µ(ξ(t))η)dt + ξ1σp̃1(τ, ξ)dW (t)

In other words, the drift γ(x) is equal to (−1, x0ρ0(x), x1ρ1(x)), the drift λ(t, x) is equal
to −x0ρ0(x)p̃0(t, x) − x1ρ1(x)p̃1(t, x)) the diffusion σ(x) is equal to (0, 0, x1σ) and the
diffusion ν(t, x) to p̃1(t, x)x1σ.

Hence the epigraph of v is stochastic viable outside the epigraph of c if and only if it
is viable under the equivalent “tychastic system”

i) t′ = 1
ii) x′0 = x0ρ0(x)
iii) x′1 = x1ρ1(x)− 1

2x1σ
2 + x1σu

iv) y′ = −µ(x)y + p̃0(x)x0ρ0(x) + p̃1(t, x)x1ρ1(x)

−1
2
x1σ

2
(

p̃1(t, x) +
∂p̃1(t, x)

x1
x1

)
+ p̃1(t, x)x1σv

where the tyches (u, v) range over R2.
We can eliminate the component p̃0(t, x) by writing p̃0(t, x)x0 := y− p̃1(t, x)x1) in the

equation governing the evolution of of the value of the portfolio: We obtain

y′ = (ρ0(x)−µ(x))y+p̃1(t, x)x1(ρ1(x)−ρ0(x))−1
2
x1σ

2
(

p̃1(t, x) +
∂p̃1(t, x)

x1
x1

)
+p̃1(t, x)x1σv
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We deduce that v is a solution on

Ωc(v) := {(t, x) ∈ R+ ×X | v(t, x) < c(t, x)}

to either one of the following Black-Scholes partial differential inequalities:

1. v is a solution to the first-order partial differential equation in the sense that: for
every x, for every ∀ (pt, px) ∈ ∂−v(t, x),


i) p̃1(t, x) = px1

ii) pt + px0x0ρ0(x)− x0ρ0(x)p̃0(t, x) + µ(x)v(t, x)

+
1
2

∂p̃1(t, x)
∂x1

x2
1σ

2 ≤ 0

2. v is a solution to the second-order partial differential equation in the sense that for
every x, for every ∀ (pt, px) ∈ ∂−v(t, x),


i) p̃1(t, x) = px1

ii) pt + (px0x0 + px1x1 + µ(x)− v(t, x)) ρ0(x)
+1

2Hess↑x1
(v)(t, x, pt, px0 , px1))(x1σ, x1σ) ≤ 0

where we set

Hess↑x1
(v)(t, x, pt, px0 , px1))(x1σ, x1σ) = Hess↑(v)(t, x, pt, px0 , px1))((0, 0, x1σ), (0, 0, x1σ))

Indeed, we observe that the equation

〈(pt, px0 , px1), σ(x))〉 = ν(x)

boils down to px1x1σ = p̃1(t, x)x1σ and thus, to10

px1 = p̃1(t, x)

The second-order equation reads{
pt + px0x0ρ0(x) + px1x1ρ1(x) + µ(x)v(t, x)− p̃0(t, x)x0ρ0(x)− p̃1(t, x)x1ρ1(x))
+1

2Hess↑x1
(v)(t, x, pt, px0 , px1))(x1σ, x1σ) ≤ 0

10Since p̃1(t, x) is regarded as the number of shares of the risky assets, this equation provides the number
of shares as the partial derivative of v with respect to x1.
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Writing that p̃0(t, x)x0 := v(t, x)− p̃1(t, x)x1 = v(t, x)−px1x1, the above equation can
be written

pt +(px0x0 + px1x1 + µ(x)− v(t, x)) ρ0(x)+
1
2
Hess↑x1

(v)(t, x, pt, px0 , px1))(x1σ, x1σ) ≤ 0

in such a way that the function p̃ does not appear in it.
The system of first-order partial differential equations reads
i) p̃1(t, x) = px1

ii) pt + px0x0ρ0(x) + px1x1ρx(x)− x0ρ0(x)p̃0(t, x)− x1ρ1(x)p̃1(t, x)) + µ(x)v(t, x)
+1

2x1σ
2
(

∂p̃1(t,x)
x1

x1 + p̃1(t, x)− px1

)
≤ 0

Therefore, taking into account the first equation, we obtain

pt + ρ0(x) (px0x0 + px1x1 + µ(x)− v(t, x)) +
1
2

∂p̃1(t, x)
∂x1

x2
1σ

2 ≤ 0
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